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Abstract— Monotone co-design provides a mathematical
framework for managing the tightly coupled trade-offs between
subsystem functionalities and resource requirements that arise
in complex engineered systems. In many practical settings the
underlying component models are already linear, yet existing
solvers still resort to generic discretization, sacrificing both
accuracy and complexity by ignoring the topological structure
of the problem. This paper isolates the corresponding exact
regime by introducing Linear Design Problems (LDPs), a class
of co-design problems whose feasible functionality–resource sets
are polyhedra over Euclidean posets. We show that queries
on LDPs reduce exactly to Multi-Objective Linear Programs
(MOLPs), thereby bridging monotone co-design semantics and
polyhedral multiobjective optimization. Furthermore, we prove
that the LDP class is closed under series, parallel, intersection,
and feedback interconnections, so that any composition of linear
components yields a system-level LDP. Exploiting this closure,
we derive a monolithic lifted formulation that retains block-
angular sparsity and resolves a system-level co-design query
through a single MOLP. We validate the approach on a rigid
gripper co-design benchmark whose every component is an
LDP. The monolithic algorithm recovers the exact Pareto front
with zero approximation error and orders-of-magnitude faster
runtime, substantially outperforming the state-of-the-art co-
design solver MCDPL in both accuracy and speed.

I. INTRODUCTION

Monotone co-design provides a mathematical framework
for jointly designing interacting subsystems under coupled
functionality and resource constraints [1]–[3]. Each com-
ponent is modeled as a design problem (DP): a monotone
relation between partially ordered sets (posets) of func-
tionalities and resources, and series, parallel, intersection,
and feedback interconnections induce a system-level DP
compositionally [4]–[6]. This separation of structure (inter-
connection graph) from semantics (each component’s local
feasibility relation) makes the framework broadly applicable
to autonomy, robotics, and cyber-physical systems [3], [7],
[8]. However, the generality of existing solvers comes at
a computational price. In particular, MCDPL [1], [3] han-
dles continuous functionality–resource relations by replacing
them with finite-cardinality discretizations parameterized by
a resolution R; the approximation refines only as R→∞.
In many practical settings the underlying component models
already possess special structure, such as linearity or convex-
ity, yet such structure is entirely ignored by the discretiza-
tion, sacrificing both solving accuracy and computational
efficiency. This raises a natural question: when component
trade-offs are linear, can compositional co-design queries
be solved exactly and efficiently, without discretization?
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This paper answers affirmatively by introducing Linear
Design Problems (LDPs), a class of co-design problems
whose feasible functionality–resource sets are polyhedra over
Euclidean posets. Within this class, the central co-design
query, i.e., computing the minimal resources needed to
provide a given functionality, reduces exactly to a Multiple-
objective Linear Programming (MOLP)/vector linear pro-
gramming (VLP), thereby bridging monotone co-design se-
mantics and polyhedral multiobjective optimization [9]–[12].
A key structural result underpins the scalability of this
reduction: we prove that the LDP class is closed under series,
parallel, intersection, and feedback interconnections, so that
any linear co-design problem (LCDP) assembled from linear
components inherits a system-level LDP. Exploiting this
closure, we derive a monolithic lifted formulation that retains
block-angular sparsity and resolves the system-level query
through a single MOLP, without explicitly projecting out
internal variables. To demonstrate the practical impact, we
apply the approach to a rigid gripper co-design benchmark
whose every component is an LDP; the monolithic solver
recovers the exact Pareto front without the approximation
artifacts inherent in discretization, while achieving orders-
of-magnitude runtime reductions over MCDPL, confirming
that exploiting linear structure at the formulation level yields
both accuracy and scalability gains in practice.

II. LINEAR CO-DESIGN THEORY

We formalize linear design problems (LCDPs), i.e., DPs
whose feasible sets are polyhedra over Euclidean posets.
We first recall the order-theoretic and convex-geometric
notation used throughout, then introduce LDPs and their
query semantics.

A. Mathematical preliminaries

Definition 1 (Poset). A poset is a tuple P = ⟨P,⪯P⟩, where
P is a set and ⪯P is a partial order (a reflexive, transitive,
and antisymmetric relation). If clear from context, we use P
for a poset, and ⪯ for its order.

Definition 2 (Opposite poset). The opposite of a poset P =
⟨P,⪯P⟩ is the poset Pop def

= ⟨P,⪯op
P ⟩ with the same elements

and reversed ordering: xP ⪯op
P yP ⇔ yP ⪯P xP .

Definition 3 (Product poset). Given posets ⟨P,⪯P⟩ and
⟨Q,⪯Q⟩, their product ⟨P ×Q,⪯P×Q⟩ is the poset with

⟨xP , xQ⟩ ⪯P×Q ⟨yP , yQ⟩ ⇔ (xP ⪯P yP) ∧ (xQ ⪯Q yQ).

Definition 4 (Upper closure). Let P be a poset. The upper
closure of a subset XP ⊆ P contains all elements of P that
are greater or equal to some yP ∈ XP :

↑XP
def
= {xP ∈ P | ∃yP ∈ XP : yP ⪯P xP}.



Definition 5 (Upper set). A subset XP ⊆ P of a poset is
called an upper set if it is upwards closed: ↑XP = XP . We
write U(P) for the set of upper sets of P . We regard U(P)
as a poset with U ⪯ U ′ ⇔ U ⊇ U ′. Thus larger upper sets
are considered smaller in this order: they will encode weaker
constraints.

Definition 6 (Convex-geometric notation). For a set C ⊆
Rn, we write conv(C), cone(C), and cl(C) for the convex
hull, conical hull, and topological closure of C, respectively
[13, see Sec. 2.1.5]. A point v ∈ P is a vertex of P if it
cannot be written as v = 1

2 (x + y) for distinct x, y ∈ P ;
we denote the vertex set by vert(P ). A halfspace is a set
H+ def

= {x ∈ Rn | a⊤x ≥ b} with a ∈ Rn, b ∈ R.

Definition 7 (Polyhedron). A polyhedron P is the intersec-
tion of a finite number of halfspaces. That is:

P =

m⋂
i=1

H+
i

def
=

m⋂
i=1

{
x ∈ Rn : a⊤i x ≥ bi

}
= {x ∈ Rn : Ax ≥ b} ,

where a⊤i form the rows of A and bi are the components
of b. This is called the H-representation of a polyhedron. A
polyhedron can also be written in V-representation as

P = conv{v1, . . . , vp}+ cone{r1, . . . , rq},

where {v1, . . . , vp} are vertices and {r1, . . . , rq} are extreme
rays. A bounded polyhedron (equivalently, q = 0) is called
a polytope.

Remark. By the Minkowski–Weyl theorem, H- and V-
representations of polyhedra are equivalent, though conver-
sion can be exponential [14]. We work primarily in H-
representation; V-information is recovered via MOLP/VLP
solvers when needed [11], [15].

B. Background on co-design and queries
Co-design takes a compositional view of complex system

design: each subsystem is characterized by the trade-off
between what it can provide and what it must consume,
and these local trade-offs are then interconnected into a
system-level problem. Consider, for instance, the design of a
unmanned aerial vehicle (UAV) platform (see [16, Fig 1(a)]).
The airframe, actuators, energetics, and batteries each impose
their own functionality–resource relations, i.e., a battery
delivers energy capacity at the cost of mass and price; the
actuator converts lift force from power and weight, and these
relations are coupled through shared variables such as total
mass and power budget. Crucially, the relevant quantities
often live in spaces that are only partially ordered: two
battery chemistries may offer incomparable mass-versus-cost
profiles, so neither dominates the other. Monotone co-design
formalizes this structure by modeling each component as a
DP defined over posets of functionalities and resources [1]–
[3].

Definition 8 (DP). Given posets F and R of functionalities
and resources, a DP is an upper set of F op × R. We
denote the set of such DPs by DP{F,R}. Given a DP
dp, a pair ⟨xF , xR⟩ of functionality xF and resource xR is

feasible if ⟨xF , xR⟩ ∈ dp. We order DP{F ,R} by inclusion:
dpa ⪯ dpb ⇔ dpa ⊆ dpb. Note that this is the opposite of
the ordering used for upper sets, so that larger feasible sets
correspond to “better” Design Problems (DPs).

The upper set condition captures the following intuition:
if a resource xR suffices to provide functionality xF , then it
also suffices for any worse functionality x′

F ⪯ xF . Moreover,
any better resource x′

R ⪰ xR should also suffice to provide
xF . Equivalently, dp is a monotone relation: if ⟨xF , xR⟩ ∈
dp and x′

F ⪯ xF , x′
R ⪰ xR, then ⟨x′

F , x
′
R⟩ ∈ dp.

A core tenet of co-design is to compose systems out
of simpler sub-systems. Such composites are formalized as
multi-graphs of DPs called Co-Design Problems (CDPs). We
summarize the main composition operations in Definition 9,
with some shown diagrammatically in Fig. 1.

Definition 9 (Composition operations for DPs). The follow-
ing operations construct new DPs from old:

Series: Given DPs dpa ∈ DP{P,Q} and dpb ∈
DP{Q,R}, their series connection dpa # dpb ∈ DP{P,R}
is defined as

{⟨xP , xR⟩ | ∃xQ : ⟨xP , xQ⟩ ∈ dpa and ⟨xQ, xR⟩ ∈ dpb}.

This models situations where dpa uses the functionalities
provided by dpb as its resources.

Parallel: For dpa ∈ DP{P,Q}, dp′a ∈ DP{P ′,Q′}, their
parallel connection dpa ⊗ dp′a ∈ DP{P × P ′,Q×Q′} is

{
〈
⟨xP , x

′
P⟩ ,

〈
xQ, x

′
Q
〉〉
| ⟨xP , xQ⟩ ∈ dpa,

〈
x′
P , x

′
Q
〉
∈ dp′a},

representing two non-interacting systems.
Intersection: For dpa, dpb ∈ LDP{P,Q}, their intersec-

tion dpa ∧ dpb ∈ DP{P,Q} is

{⟨xP , xQ⟩ | ⟨xP , xQ⟩ ∈ dpa, ⟨xP , xQ⟩ ∈ dpb}.

Feedback/Trace: For dp ∈ DP{P × R,Q×R}, its trace
Tr(dp) ∈ DP{P,Q} is defined as

{⟨xP , xQ⟩ | ∃xR : ⟨⟨xP , xR⟩ , ⟨xQ, xR⟩⟩ ∈ dp}.

This models the case where functionalities provided by dp
are used as its own resources.

These compositions allow the construction of a DP from
co-design problems (CDPs) such as Fig. 2 [3].

Definition 10 (CDPs). We call ⟨F ,R, ⟨V, E⟩⟩ a CDP, where
F = ΠnF

i=1F i and R = ΠnR
j=1Rj are the system-level

functionalities and resources, and ⟨V, E⟩ is a multi-graph
where:

(i) Each node in V is a DP d with functionality F d =
Π

nd,F

i=1 F d,i and resource Rd = Π
nd,R

j=1 Rd,j .
(ii) Each edge is a pair ⟨⟨d1, i1⟩ , ⟨d2, j2⟩⟩ with the cor-

responding posets Rd1,i1 and F d2,j2 being the same,
representing the inequality xRd1,i1

⪯ xFd2,j2 (the
i1-th resource required by d1 is at most the j2-th
functionality provided by d2).

(iii) The system-level functionality/resource is the produc-
tion of some component level functionalities/resources.

With these modeling primitives in hand, we can ask for
optimal solutions to DPs, formalized as queries.
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Fig. 1: A DP is a monotone relation between posets of functionalities and resources (a), and can be composed via series, parallel, intersection, and loop
operations (b)–(e).

Definition 11 (Querying DPs). Given a DP dp ∈ DP{F ,R},
we define two basic queries:

1) Fix functionalities minimize resources: for a fixed xF ∈
F , return the upper set of resources xR ∈ R that make
⟨xF , xR⟩ feasible with respect to dp. We can view this
query as a monotone map q : F → U(R).

2) Fix resources maximize functionalities: For a fixed xR ∈
R, return the upper set of functionalities xF ∈ F that
make ⟨xF , xR⟩ feasible with respect to dp. We can view
this query as a monotone map q′ : R→ U(F op).

In applications we are typically interested in the minimal
resources in q(xF ) and the maximal functionalities in q′(xR)
(in the sense of Pareto optimality).

When F and R are general posets, there might be a Pareto
front of optimal values and solutions to the queries, instead
of a unique one. Using the compositional structure, one can
derive efficient algorithms to calculate the query results for
complex DPs defined by a multi-graph of sub-systems [3].

C. Linear co-design problems and queries

We next focus on DPs endowed with additional geometric
structure. Based on Definition 8, we introduce LDPs.

Definition 12 (Euclidean poset and sub-poset). For n ∈ N,
the Euclidean poset

〈
Rn
≥0,⪯

〉
is the set Rn

≥0
def
= {x ∈ Rn |

xi ≥ 0, i = 1, . . . , n} equipped with the componentwise
order x ⪯ y ⇔ xi ≤ yi for all i. A subset S ⊆ Rn

≥0 with
the restricted order is called a Euclidean sub-poset.

Definition 13 (LDP). ·Let F ⊆
〈

RnF

≥0 ,⪯
〉

and R ⊆〈
RnR

≥0 ,⪯
〉

be Euclidean sub-posets. A LDP is a DP dp ∈
DP{F ,R} for which the set of all feasible pairs ⟨xF , xR⟩
forms a polyhedron in the underlying Euclidean space.
Equivalently, there exist matrices AF ∈ Rm×nF , AR ∈
Rm×nR , and a vector b ∈ Rm such that

ldp =
{
⟨xF , xR⟩ ∈ F op ×R

∣∣∣ AFxF +ARxR ≥ b
}
. (1)

We denote the set of all such LDPs by LDP{F,R}. For
conciseness, we can write the condition as Aldpxldp ≥ b,
where Aldp = [AF | AR] and xldp =

[
x⊤
F , x

⊤
R

]⊤
.

Remark. Since F and F op share the same underlying set,
Eq. (1) is written over F × R and the order reversal
appears only in the requirement that dp be an upper set in
F op ×R. Not every polyhedron in F ×R therefore defines
an LDP: we additionally require the monotonicity encoded
by Definition 8.

Following the query formalism in Definition 11 (see
also [2, Section 29.3]), the fix functionalities minimize re-
sources query asks, for a fixed xF ∈ F , for the set of

minimal (Pareto) resources xR such that ⟨xF , xR⟩ is feasible;
the fix resources maximize functionalities query asks, for a
fixed xR ∈ R, for the set of maximal (Pareto) functionalities
xF such that ⟨xF , xR⟩ is feasible. For LDPs, these become
MOLPs.

Definition 14 (MOLP). A MOLP in standard form is the
optimization problem

Min⪯ Cx subject to Ax ≥ b, x ≥ 0,

where C ∈ Rq×n, A ∈ Rm×n, b ∈ Rm, the variable x ∈ Rn,
and ⪯ is the componentwise partial order on Rq . We call the
set of feasible points X := {x ≥ 0 : Ax ≥ b} the feasible
set of the MOLP.

Definition 15 (Efficient point). A feasible point x∗ ∈ X
is called efficient (or Pareto optimal) for the MOLP in
Definition 14 if there is no feasible x ∈ X with Cx ⪯ Cx∗

and Cx ̸= Cx∗. Equivalently, Cx∗ /∈ CX + Rq
≥0 \ {0},

where CX := {Cx | x ∈ X}. The set of all efficient points
is denoted XE , and its image CXE is the efficient frontier
(or Pareto front).

Definition 16 (Upper image of an MOLP). For the MOLP
in Definition 14, the upper image is

P def
= cl

(
CX + Rq

≥0

)
,

In the polyhedral linear case considered here, P is a poly-
hedron whose lower boundary coincides with the efficient
frontier CXE . More generally, replacing the ordering cone
Rq
≥0 with an arbitrary polyhedral cone K yields a vector

linear program (VLP); the solver BENSOLVE [11] computes
V- and H-representations of P for VLPs.

Lemma 1 (Queries of LDP are equivalent to MOLP).
Consider an LDP dp ∈ LDP{F ,R} with feasible set ldp =
{⟨xF , xR⟩ ∈ F ×R : AFxF +ARxR ≥ b}.

(i) Fix functionalities minimize resources: For fixed x̄F ∈
F , the set of minimal resources that make ⟨x̄F , xR⟩
feasible coincides with the set of efficient solutions of
the MOLP

Min⪯ xR s.t. ARxR ≥ b−AF x̄F , xR ≥ 0.

(ii) Fix resources maximize functionalities: For fixed x̄R ∈
R, the set of maximal functionalities that make
⟨xF , x̄R⟩ feasible coincides with the set of efficient
solutions of the MOLP

Max⪯ xF s.t. AFxF ≥ b−ARx̄R, xF ≥ 0,

which is equivalent to Min⪯ (−xF ) subject to the same
constraints (efficient points are unchanged).



(iii) Conversely, every MOLP of the form Min⪯ x subject
to Ax ≥ b, x ≥ 0 is the fix-functionalities-minimize-
resources query of the LDP with functionality space
F = {0} ⊆ R≥0 (singleton), resource space R = Rn

≥0,
and feasible set ldp = {⟨0, x⟩ : Ax ≥ b, x ≥ 0} (i.e.,
AF = 0, AR = A).

Proof. We prove the three statements in order. (i) Fix
x̄F ∈ F and consider the associated feasible resource set
R(x̄F )

def
= {xR ∈ R | ⟨x̄F , xR⟩ ∈ ldp}. By the polyhedral

representation of ldp, a pair ⟨x̄F , xR⟩ is feasible if and only
if

ARxR ≥ b−AF x̄F , xR ∈ R ⊆ RnR

≥0 .

Hence R(x̄F ) coincides with the feasible set of the vector
optimization problem

Min⪯ xR s.t. ARxR ≥ b−AF x̄F , xR ≥ 0,

where ⪯ is the componentwise order on RnR . By Def-
inition 11, the query answer at x̄F is precisely the set
of ⪯–minimal elements of R(x̄F ). These are exactly the
efficient (Pareto–optimal) solutions of the above MOLP with
objective matrix C = I , establishing (i).

(ii) The statement for the “fix resources, maximize func-
tionalities” query is proved by an order–duality argument
entirely analogous to (i). For fixed x̄R the feasible function-
ality set is the polyhedron F (x̄R) = {xF ∈ F | AFxF ≥
b−ARx̄R, xF ≥ 0}. Taking ⪯–maximal elements of F (x̄R)
is equivalent to taking ⪯–minimal elements of −F (x̄R), so
exactly as in (i) one obtains that the query result coincides
with the efficient set of the MOLP in (ii).

(iii) Let a MOLP of the form

Min⪯ x subject to Ax ≥ b, x ≥ 0

be given, where x ∈ Rn
≥0 and ⪯ is the componentwise order.

Define an LDP with functionality space F def
= {0} ⊆ R≥0,

resource space R def
= Rn

≥0, and feasible set

ldp def
= {⟨0, x⟩ ∈ F ×R | Ax ≥ b}.

This is an LDP, since ldp is a polyhedron in R1 × Rn and
admits the representation

ldp = {⟨xF , xR⟩ | AFxF +ARxR ≥ b},

with AF = 0 and AR = A. The fix-functionalities-minimize-
resources query evaluated at the unique functionality x̄F = 0
asks for the set of ⪯–minimal xR such that ⟨0, xR⟩ ∈ ldp,
that is,

{xR ∈ Rn
≥0 | AxR ≥ b}

together with its ⪯–minimal elements. By definition, these
minimal elements are exactly the efficient solutions of the
original MOLP, which proves (iii).

We are now ready to define LCDPs.

Definition 17 (LCDP). Let ⟨F ,R, ⟨V, E⟩⟩ be a CDP in the
sense of Definition 10. We call ⟨F,R, ⟨V, E⟩⟩ a linear co-
design problem (LCDP) if the following conditions hold:

(i) (Linear component design problems) For each node d ∈
V , the associated design problem

d = ⟨F d, Rd, ldpd⟩

has functionality and resource posets

F d ⊆
〈

R
nFd

≥0 ,⪯
〉
, Rd ⊆

〈
R

nRd

≥0 ,⪯
〉
,

and its feasible set ldpd ⊆ F d × Rd is a polyhedron.
Equivalently, there exist matrices AFd

∈ Rmd×nFd ,
ARd

∈ Rmd×nRd , and a vector bd ∈ Rmd satisfying
Eq. (1).

(ii) (Linear interconnection) Each edge e ∈ E is a pair
e = ⟨⟨d1, i1⟩, ⟨d2, j2⟩⟩ that links the i1-th resource
component of node d1 ∈ V to the j2-th functionality
component of node d2 ∈ V , with the two components
identified by inequality of the corresponding coordinate
projections, i.e. πi1(Rd1

) ≤ πj2(F d2
).

In other words, an LCDP is a CDP whose component design
problems are all LDPs and interconnections are element-
wise inequalities. Consequently, the system-level function-
ality/resource are Euclidean posets.

The following lemma shows LDPs are closed under the
compositions in Definition 9.

Lemma 2 (Closure of LDPs under composition). Let
P,Q,R,P ′,Q′ be Euclidean sub-posets (Definition 12).
Then the following hold:

(a) Series. For any dpa ∈ LDP{P,Q} and dpb ∈
LDP{Q,R}, their series composition dpa #dpb satisfies
dpa # dpb ∈ LDP{P,R}.

(b) Parallel. For any dpa ∈ LDP{P,Q} and dp′a ∈
LDP{P ′,Q′}, their parallel composition dpa ⊗ dp′a
satisfies dpa ⊗ dp′a ∈ LDP{P × P ′,Q×Q′}.

(c) Intersection. For any dpa, dpb ∈ LDP{P,Q}, their
intersection dpa∧dpb satisfies dpa∧dpb ∈ LDP{P,Q}.

(d) Feedback. For any dp ∈ LDP{P ×R,Q×R}, its trace
Tr(dp) satisfies Tr(dp) ∈ LDP{P,Q}.

Proof. By Definition 13, a DP over Euclidean sub-posets
is an LDP if and only if its feasible set is a polyhe-
dron. Throughout, we use that polyhedra are closed under
Cartesian products, intersections, and projections. We give
the full argument for series and feedback; the parallel and
intersection cases are more direct (Cartesian product and
constraint stacking, respectively).

Series. Let dpa ∈ LDP{P,Q} and dpb ∈ LDP{Q,R} be
LCDPs with feasible sets

ldpa = {⟨xP , xQ⟩ | APxP +AQxQ ≥ ba},
ldpb = {⟨xQ, xR⟩ | BQxQ +BRxR ≥ bb},

for suitable matrices ⟨AP , AQ, ba⟩ and ⟨BQ, BR, bb⟩. By
Definition 9, the series connection dpa # dpb ∈ DP{P,R}
has feasible set

ldpseries = {⟨xP , xR⟩ | ∃xQ : APxP +AQxQ ≥ ba,

BQxQ +BRxR ≥ bb}.
(2)



In the extended variable space x def
= [x⊤

P , x
⊤
Q, x

⊤
R]⊤, the

constraints in (2) can be written as[
AP AQ 0
0 BQ BR

]
x ≥

[
ba

bb

]
,

which defines a polyhedron in ⟨xP , xQ, xR⟩. The feasible
set ldpseries is its projection onto the ⟨xP , xR⟩ coordinates,
hence is again a polyhedron. Since the external functionality
and resource posets are still P and R, which are Euclidean
sub-posets by assumption, dpa # dpb is an LCDP.

Parallel. Let dpa ∈ LDP{P,Q} and dp′a ∈ LDP{P ′,Q′}
be LCDPs with feasible sets

ldpa = {⟨xP , xQ⟩ | APxP +AQxQ ≥ ba},
ldp′a = {⟨xP′ , xQ′⟩ | AP′xP′ +AQ′xQ′ ≥ b′a}.

By Definition 9, their parallel connection dpa ⊗ dp′a ∈
DP{P × P ′,Q×Q′} has feasible set

ldppar =
{
⟨⟨xP , xP′⟩ , ⟨xQ, xQ′⟩⟩

∣∣∣
⟨xP , xQ⟩ ∈ ldpa, ⟨xP′ , xQ′⟩ ∈ ldp′a

}
.

(3)

The right-hand side is the Cartesian product ldpa × ldp′a
of two polyhedra in disjoint variables, hence a polyhedron.
Moreover, P × P ′ and Q × Q′ are Euclidean sub-posets
(products of subsets of Euclidean spaces with component-
wise order), so dpa ⊗ dp′a is an LCDP.

Intersection. Let dpa, dpb ∈ LDP{P,Q} be LCDPs with
feasible sets

ldpa = {⟨xP , xQ⟩ | APxP +AQxQ ≥ ba},
ldpb = {⟨xP , xQ⟩ | BPxP +BQxQ ≥ bb},

for suitable ⟨AP , AQ, ba⟩ and ⟨BP , BQ, bb⟩. By Definition 9,
the intersection composition dpa ∧ dpb ∈ DP{P,Q} has
feasible set

ldpint = {⟨xP , xQ⟩ |APxP +AQxQ ≥ ba,

BPxP +BQxQ ≥ bb}.
(4)

The constraints in Eq. (4) can be written as a single system
of linear inequalities by stacking the two descriptions:[

AP AQ
BP BQ

] [
xP

xQ

]
≥

[
ba

bb

]
,

which defines a polyhedron directly in ⟨xP , xQ⟩. Since P
and Q are Euclidean sub-posets, dpa ∧ dpb is an LCDP.

Feedback. Let dp ∈ LDP{P × R,Q ×R} be an LCDP
with feasible set

ldp =
{〈〈

xP , x
in
R
〉
,
〈
xQ, x

out
R

〉〉 ∣∣∣
APxP +AQxQ +Ain

Rxin
R +Aout

R xout
R ≥ b

}
.

By Definition 9, Tr(dp) ∈ DP{P,Q} has feasible set

ldpfb = {⟨xP , xQ⟩ | ∃xR : ⟨⟨xP , xR), (xQ, xR⟩⟩ ∈ ldp}.
(5)

Equivalently, ⟨xP , xQ⟩ ∈ ldpfb if and only if there exists
xR such that

(
Ain

R + Aout
R

)
xR + APxP + AQxQ ≥ b.

The set of triples ⟨xP , xQ, xR⟩ satisfying this inequality is
a polyhedron in the extended space; ldpfb is its projection

onto ⟨xP , xQ⟩, hence a polyhedron. Since P and Q remain
Euclidean sub-posets, Tr(dp) is an LCDP.

We now show that every LCDP induces an LDP at the
system level, so that its feasible set is a polyhedron and
queries can be cast as MOLP.

Theorem 3 (An LCDP induces an LDP). Let ⟨F ,R, ⟨V, E⟩⟩
be an LCDP in the sense of Definition 17. The CDP obtained
by composing the component DPs along the multigraph
⟨V, E⟩ is an LDP in DP{F ,R}. In particular, its feasible
set ldptot ⊆ F ×R is a polyhedron.

Proof. A DP is constructed from a CDP by applying com-
positions in Definition 9 to the components according to the
multi-graph ⟨V, E⟩, adding structural DPs of the form

dpP,⪯,k
def
= {

〈
xP ,

〈
x′
P,1, · · · , x′

P,k

〉〉
| xP ⪯ x′

P,i, ∀i}

and

dpP,k,⪯
def
= {⟨⟨xP,1, · · · , xP,k⟩ , x′

P⟩ | xP,i ⪯ x′
P , ∀i}

when necessary [3]. Since composing LDPs gives LDPs, we
only need to prove these structural DPs are LDPs, which
follows by their definitions.

III. FEASIBLE-SET CONSTRUCTION AND QUERY
SOLVING

Theorem 3 guarantees that any LCDP induces a system-
level LDP and therefore supports the MOLP-based query
semantics of Theorem 1. From a computational standpoint,
two distinct tasks arise: (i) query evaluation, i.e., computing
Pareto-minimal system resources (or Pareto-maximal func-
tionalities) for fixed external ports, and (ii) explicit feasible-
set construction, i.e., producing an H-representation of the
induced system-level polyhedron ldptot ⊆ F ×R.

Both tasks reduce to polyhedral calculus. An LCDP can
be encoded as the Cartesian product of the component poly-
hedra, intersected with a sparse linear subspace enforcing
all wiring equalities; the system-level feasible set is then
obtained by a coordinate projection onto the external ports.
Lemma 4 and Lemma 5 formalize this encoding and show
that queries can be answered directly in the lifted space
without explicit projection.

Lemma 4 (Global polyhedral encoding of an LCDP). Con-
sider an LCDP ⟨F ,R, ⟨V, E⟩⟩ in the sense of Definition 17.
For each node d ∈ V , let ldpd = {zd ∈ Rnd | Mdzd ≥
md} be an H-representation of its component feasible set
(including the port-domain constraints zd ∈ F d × Rd). Let
zglobal = [z⊤1 , . . . , z⊤N ]⊤ and define

Mblk
def
= block-diag(M1, . . . ,MN ),

mblk
def
= [m⊤

1 , . . . ,m
⊤
N ]⊤.

Let Ezglobal = 0 be the collection of all wiring equalities
induced by the edges E (each row of E has exactly one +1
and one −1). Then the full-space system-level feasible set
of the LCDP is the polyhedron

ldpfulltot =
{
zglobal

∣∣∣Mblkzglobal ≥ mblk, Ezglobal = 0
}
. (6)



Remark. Writing inequalities in Fig. 1 as equalities in
Lemma 4 produces the same system-level feasible set, since
for any feasible zglobal where one constraint xP < xP is
strict, assigning x̂P = x̂P

def
= xP results in another feasible

global variable because every component is monotone. It also
provides and requires the same functionality and resource at
the system level.

If Sext is a selection matrix extracting the external
ports zext = [x⊤

F , x
⊤
R]

⊤ from zglobal, then the induced
external-port system-level feasible set is the projection

ldptot =
{
zext

∣∣∣ ∃zglobal ∈ ldpfulltot s.t. zext = Sextzglobal

}
.

(7)

Proof. By definition of an LCDP (Definition 17), a system
design is feasible if and only if each component design zd
satisfies its local feasibility constraints and all interconnec-
tions identify the corresponding connected port coordinates
by equality. Stacking the local H-representations yields the
block-diagonal system Mblkzglobal ≥ mblk, while all port
identifications yield the linear equalities Ezglobal = 0,
giving (6). Finally, the system-level feasible set retains only
the external ports, i.e., it is the image of the full-space set
under the coordinate projection encoded by Sext, which is
exactly (7).

Lemma 5 (Lifted MOLP queries equal projected DP
queries). Let ldptot and ldpfulltot be as in Lemma 4. Let SF

and SR be selection matrices such that xF = SF zglobal and
xR = SRzglobal. Fix an external functionality x̄F ∈ F and
consider the two feasible resource sets

Rext(x̄F )
def
= {xR | ⟨x̄F , xR⟩ ∈ ldptot},

Rlift(x̄F )
def
= {SRzglobal | zglobal ∈ ldpfulltot , SF zglobal = x̄F }.

Then Rext(x̄F ) = Rlift(x̄F ), and hence the Pareto-minimal
(efficient) resources returned by the DP query coincide with
the efficient outcomes of the lifted MOLP
Min⪯ SRzglobal

s.t. Mblkzglobal ≥ mblk, Ezglobal = 0, SF zglobal = x̄F .
(8)

An analogous statement holds for the “fix resources, maxi-
mize functionalities” query.

Proof. By Lemma 4, ⟨x̄F , xR⟩ ∈ ldptot holds if and only
if there exists a full assignment zglobal such that zglobal ∈
ldpfulltot , SF zglobal = x̄F , and SRzglobal = xR. This is exactly
the equality Rext(x̄F ) = Rlift(x̄F ). Since both optimization
problems compare resource vectors under the same compo-
nentwise order ⪯ and have identical attainable resource sets,
their efficient outcomes coincide. The second query follows
by the same argument with (SF , SR) exchanged and the
order reversal accounted for as in Theorem 1.

The monolithic strategy implements the lifted encoding of
Lemma 4 by introducing all component port variables as de-
cision variables, enforcing (i) each component’s local feasi-
bility constraints and (ii) all wiring equalities. This yields the
full-space polyhedron ldpfulltot in (6), whose constraint matrix
is block-angular: a block-diagonal part Mblk (one block per
component) plus a very sparse coupling part E (each wiring

Algorithm 1 Monolithic feasible set for composite LCDP

Require: LCDP ⟨F ,R, ⟨V, E⟩⟩; for each d ∈ V (|V| =
N ), component LDP with ldpd = {⟨xF,d, xR,d⟩ :
AF,dxF,d +AR,dxR,d ≥ bd}

Ensure: System-level feasible set ldpfulltot in H-
representation Mblkzglobal ≥ mblk (full-space variables)

1: Local formulation: For each node d ∈ V , set zd ←
[x⊤

F,d, x
⊤
R,d]

⊤, Md ← [AF,d AR,d], md ← bd
2: Aggregation: Form zglobal ← [z⊤1 , . . . , z⊤N ]⊤, Mblk ←

block-diag(M1, . . . ,MN ), mblk ← [m⊤
1 , . . . , m

⊤
N ]⊤

3: System Mblkzglobal ≥ mblk is block-diagonal (one block
per node)

4: Edge constraints: For each edge e ∈ E (series or
feedback, Definition 17), the edge links one functionality
and one resource. In zglobal (with zd = [x⊤

F,d, x
⊤
R,d]

⊤),
find the indices if , ir of these two entries. Append to
Mblk one row with +1 at if , −1 at ir, zeros elsewhere,
and append 0 to mblk (so zif − zir ≥ 0; add a second
row −zif + zir ≥ 0 to enforce equality). Thus each edge
adds one (or two) rows to the constraint matrix.

5: return ldpfulltot = {zglobal : Mblkzglobal ≥ mblk}

row has exactly two nonzeros). By Lemma 5, no explicit
projection onto external ports is required: the projected DP
query is equivalent to solving the lifted MOLP (8) in the
full variable space, avoiding polyhedral projection and letting
the solver handle internal feasibility implicitly. Algorithm 1
details the construction.

IV. CASE STUDY: RIGID GRIPPER CO-DESIGN

This section validates the monolithic lifted formulation
developed in Section III on a physically grounded multi-
objective co-design problem. The gripper model is natively
polyhedral after a suitable reparameterization, and therefore
lies in the exact LCDP regime: the monolithic solver recovers
the complete Pareto front with zero approximation error.

Unless stated otherwise, all reported runtimes are end-to-
end wall-clock times for a single query instance, including
model construction and solver calls but excluding plotting.1

All polyhedral queries are solved with BENSOLVE [11]. As
a baseline, we compare against MCDPL [1], [16], a general
discrete solver for DPs.
Remark (Discretization in MCDPL). For any DP dp whose
antichains have infinite cardinality (e.g. a continuous relation
such as f1 ≤ r1 + r2), MCDPL replaces the exact relation
with a finite-cardinality approximation parameterized by a
resolution R ≥ 1. In this case study, we report only the opti-
mistic antichain dpLR, which acts as an outer approximation
of the exact relation. Using Van der Corput sampling, the
optimistic approximation refines monotonically with R, i.e.,
dpLR+1 ⪯ dpLR, and approaches the exact relation as R→∞.

A. System and query
We study a tendon-driven rigid gripper with four concep-

tual design sub-problems: a motor (maps actuator investment

1All experiments were run on a macOS Tahoe 26.2 machine with an
Apple M2 Pro CPU (10 cores, 3.2 GHz) and 16 GB of RAM.



⟨mmot, cmot⟩ to achievable tendon force fgrasp), a material-
selection module (given a mass and cost budget ⟨mf , cf⟩, de-
termines achievable segment lengths ⟨LAl, LCF⟩), a gripper-
geometry module (maps lengths ⟨LAl, LCF⟩ to structural
workspace and grasping capacity), and an arm-cost aggre-
gation module (maps workspace requirement fws to arm
mounting cost carm). For a co-design diagram, refer to
Fig. 2. The system-level functionality is q = ⟨fgrasp, fws⟩,
where fgrasp is the required grasping force and fws is the
required workspace. The system-level resources are r =
⟨rcost, rmass⟩, which are minimized in the Pareto sense. We
use the query fgrasp ≥ 100 N, fws ≥ 80 mm.

B. LCDP model formulation

The gripper LCDP is parameterized by two continuous
design variables, ⟨LAl, LCF⟩ ∈ R2

≥0, representing the alu-
minum and carbon-fibre finger lengths. These variables are
the main coupling medium across the architecture, as they
jointly determine workspace, structural feasibility, finger
mass, and material cost. The resulting model has nf = 2
functionality dimensions, nr = 8 resource dimensions, and
seven linear inequalities grouped by subsystem.

a) Actuation (motor sub-problem): The available grasp
force increases with both motor mass and motor cost. A
heavier motor accommodates a larger rotor, while a costlier
motor can achieve higher torque density. We capture these
two effects with the supporting halfspace fgrasp ≤ αf mmot+
βf cmot, where αf = 400N/kg and βf = 0.6N/USD.

b) Kinematics and structure (finger sub-problem):
Finger length determines both reach and structural feasibility.
The usable workspace grows linearly with total finger length,

fws ≤ kw
(
LAl + LCF

)
, kw = 0.35, (9a)

while sustaining a grasping force requires a minimum total
length,

LAl + LCF ≥ γL fgrasp, γL = 0.5mm/N. (9b)

Thus both functionality requirements couple to the same
design pair ⟨LAl, LCF⟩.

c) Material physics (material sub-problem):
mf ≥ ρAl LAl + ρCF LCF, (9c)

cf ≥ pAl LAl + pCF LCF. (9d)

We use ρAl = 0.012 kg/mm, ρCF = 0.004 kg/mm, pAl =
2.0USD/mm, and pCF = 8.0USD/mm. Hence carbon fibre
is lighter but more expensive per unit length, which is the
main source of the Pareto trade-off.

d) System-level aggregation: The system-level objec-
tives aggregate subsystem resources. Total mass is rmass ≥
mmot+mf , and total cost combines motor cost, arm payload
penalties, finger material cost, and a workspace-dependent
term:

rcost ≥ cmot + kAP mmot + cf + kAP mf + kAW fws + cA0,
(9e)

with kAP = 200USD/kg, kAW = 50USD/mm, and cA0 =
300USD. Substituting (9c)–(9d) into (9e) yields effective
per-length coefficients pAl+kAPρAl = 4.4USD/mm, pCF+

Gripper
length AL

length CFworkspace

grasping force

Material
finger mass

finger cost

Motor
motor mass

motor cost

Arm arm cost +

+ total mass

total cost

Fig. 2: Gripper co-design architecture. The query ⟨fgrasp, fws⟩ is propa-
gated to subsystem design choices; the motor and material subsystems are
coupled through the shared design variables ⟨LAl, LCF⟩; and contributions
are aggregated into system objectives ⟨rcost, rmass⟩.

TABLE I: Exact Pareto vertices for the rigid gripper LCDP (monolithic
solver). Query: fgrasp ≥ 100N, fws ≥ 80mm. V1–V3 are the only
Pareto-optimal solutions; no approximation is introduced.

Vertex Dominant material mix rcost (USD) rmass (kg)

V1 Pure aluminum (min cost / max mass) 5 371.06 3.0696
V2 Mixed Al / CF (balanced trade-off) 5 518.10 2.7429
V3 Pure carbon fibre (min mass / max cost) 9 633.00 0.7677

kAPρCF = 8.8USD/mm, which compactly combine ma-
terial price and arm load-bearing penalty. The density–cost
asymmetry between aluminum and carbon fiber drives the
Pareto trade-off between total mass and total cost.

C. Results

We compare: (i) the monolithic exact LCDP pipeline,
which solves the induced bi-objective MOLP with BEN-
SOLVE; and (ii) MCDPL optimistic approximations at res-
olutions R ∈ {5, 10, 20, 40}. Because the model is already
polyhedral, this benchmark cleanly separates the exact LCDP
regime from discretization-based approximation.

Table I reports the three exact Pareto vertices returned
by the monolithic solver; Table II summarizes timing and
approximation quality. The right panel of Fig. 3 makes the
runtime–quality gap explicit in the time–quality plane.

The monolithic LCDP solve enumerates the exact frontier
(3 vertices) in approximately 48 ms end-to-end. In contrast,
MCDPL optimistic runs require approximately 9–15 s per
resolution and produce increasingly dense discretized fronts
(from 25 points at R = 5 to 944 points at R = 85). Ap-
proximation quality is measured by the normalised Inverted
Generational Distance (IGD), computed against a densified
reference front (200 points interpolated along the exact
piecewise-linear Pareto curve) and normalised to [0, 1]2 using
the ideal–nadir range. The IGD decreases monotonically
from 2.15 × 10−1 at R = 5 to 1.31 × 10−2 at R =
85, confirming theoretical convergence of the optimistic

TABLE II: Rigid gripper: monolithic exact solver vs. MCDPL optimistic
approximations. IGD is the Inverted Generational Distance computed against
the densified exact frontier (200 reference points), normalised to [0, 1]2

using the ideal–nadir range.

Method R #Pts Time (s) IGD

Monolithic (exact) — 3 4.8× 10−2 0
MCDPL opt. 5 25 9.59 2.15× 10−1

MCDPL opt. 10 84 9.03 9.09× 10−2

MCDPL opt. 20 207 9.54 4.16× 10−2

MCDPL opt. 40 430 10.09 2.26× 10−2

MCDPL opt. 60 642 11.69 1.64× 10−2

MCDPL opt. 85 944 14.96 1.31× 10−2
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Fig. 3: Pareto-front comparison for the rigid gripper case study. (Left) Monolithic exact frontier (3 vertices) versus MCDPL optimistic approximations at
resolutions R ∈ {5, 10, 20, 40}. (Right) IGD convergence versus computational time: the normalised Inverted Generational Distance of MCDPL optimistic
solutions decreases monotonically with increasing resolution, while the exact monolithic solver achieves IGD= 0.

approximation. Even at R = 85, the exact monolithic
pipeline remains about 300× faster while delivering zero
approximation error.

D. Discussion

The gripper case highlights the fully linear setting, where
the induced co-design model remains exactly polyhedral. In
this regime, the lifted monolithic pipeline exploits sparsity
and solves the Pareto query directly, delivering exact fronts in
milliseconds and substantially lower runtime than MCDPL.
This indicates that, for a broad class of linear component
models, exact system-level co-design can be used as a
practical inner loop for fast architecture screening.

V. CONCLUSIONS AND FUTURE WORK

We frame linear co-design as a polyhedral modeling
problem: an LDP is represented by an upper feasible set
in Euclidean posets, and this representation is preserved
by series, parallel, intersection, and feedback interconnec-
tions (Theorem 2). This structural closure leads directly
to a practical solver pipeline, where the lifted system in
Algorithm 1 preserves block-angular sparsity and answers
queries as MOLPs in the full space, without first computing
projected feasible sets. In the rigid-gripper experiment, the
exact pipeline removes discretization error and runs substan-
tially faster than SOTA solver MCDPL. Promising next steps
include polyhedral outer surrogates for convex nonlinear
components, tighter coupling with uncertainty-aware co-
design [17], [18], and Dantzig–Wolfe style decomposition
to scale the same formulation to larger architectures.
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